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Abstract

This thesis is devoted to the study of time-dependent backgrounds in string
theory. The first chapter contains a brief, non-technical introduction to the subject.

In the second chapter quantum field theory in d-dimensional de Sitter space
is studied, with an emphasis on the dS/CFT correspondence. We study a one-
parameter family of dS-invariant vacua; this bulk vacuum dependence is dual to
a deformation of the boundary CFT by a marginal operator. In odd spacetime
dimensions the state with no particles on Z~ has no particles on ZT, implying the
absence of particle production. In Kerr-dS, a thermal density matrix is found by
tracing over causally inaccessible modes. Assuming Cardy’s formula, the micro-
scopic entropy of such a thermal state in the boundary CFT precisely equals the
Bekenstein-Hawking value.

Next, we construct de Sitter vacua of supercritical string theories in D > 10
dimensions. Compactifying D — 4 of these dimensions on a carefully constructed
asymmetric orientifold projects out the continuous moduli of the compact directions.
By adding specific fluxes we generate dilaton potentials with nontrivial minima at
arbitrarily small cosmological constant and string coupling. We then discuss the
decay of such metastable de Sitter vacua. For sufficiently large potential barriers the
standard gravitational instantons violate both causality and low-energy decoupling,
raising the possibility that these de Sitter vacua are stable.

In the final chapter we study spacelike branes as exact, boundary deformed
worldsheet CFTs. Open string pair production is thermal, as can be seen from
either a Bogolyubov transformation or an Unruh detector argument. Moreover,

there exist exactly thermal mixed states which define a uclidean e ective field

il



theory on the S-brane world-volume. By computing the boundary state of this
theory we determine the long range closed string production. At a critical value of
the coupling the S-brane reduces to an array of sD-branes on the imaginary time
axis. In real time this corresponds to a purely closed string configuration with no
D-branes, yet the long range force felt by an observer is proportional that produced

by the original unstable D-brane.
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ntroduction

The study of time dependent systems and indeed the notion of time itself

has played a crucial role in the development of modern physics. The theory
of relativity, for example, describes time and space not as separate entities but
in terms of a single, smooth space-time geometry. uantum mechanics, however,
implies that these classical notions of space-time break down at very short distances.
The standard theories of gravity and quantum mechanics simply can not describe
physics at such small scales, and something new is required a quantum theory
of gravity. String theory provides an elegant and radical solution to the problem
of quantum gravity. In doing so it promises to unify the two great triumphs of
the twentieth century the theory of relativity and the standard model of particle
physics into a single coherent formulation of fundamental physics. Many aspects of
string theory remain mysterious, however, and must be understood if string theory
is to live up to it’s early promise. Nevertheless, string theory has already solved
many of the long-standing and difficult problems in theoretical physics. In the
theory of gravity, for example, the list of accomplishments includes a microscopic
understanding of the structure of black holes and the resolution of singularities.
On the particle physics side, string theory provides insights into the fundamental
structure of quantum theories and progress towards understanding the origin of the
standard model of particle physics. Perhaps the most striking discovery is that
these and many other seemingly unrelated problems are in fact intimately related

by web of dualities.



While impressive, this list of achievements is primarily limited to static, time-
independent systems. The study of time-dependent systems in string theory has
proven surprisingly difficult, and until recently little progress had been made. This
question is not completely academic, as quantum gravity plays a crucial role in the
cosmological evolution of our universe. In fact, astronomical observations provide
one of the most exciting prospects for experimental tests of string theory.

This thesis contains my contributions to the study of time-dependent systems
in string theory. The following three chapters describe three di erent approaches
to the subject, which I shall now summari e in turn. Most of the material in this

thesis has appeared previously, in references 1 3.

We live in an expanding universe. Over the course of history, our universe has
grown in si e by a factor of about 10 . ecent astronomical observations indicate
that this expansion will continue forever, and that in the far future our universe
will gradually come to resemble a geometry known as de Sitter space. Moreover,
the most promising theories of the early universe posit that our universe resembled
de Sitter space in the far past. An understanding of de Sitter space in quantum
gravity is therefore of paramount importance.

de Sitter space is the simplest example of a time-dependent cosmology, and is
one of the oldest and best studied solutions of general relativity. It is characteri ed
by exponential expansion; every point in de Sitter space expands away from every
other point with exponentially increasing velocity. ventually this rate of expansion
will exceed the speed of light, at which point no two observers will ever be able to

communicate with one another. The two observers will be separated by an event




hori on, much like the one that surrounds the interior of a black hole. This analogy
between black holes and de Sitter space has guided much of the previous work on
the subject. String theory successfully describes the microscopic physics of black
holes, so it is natural to seek a similar understanding of de Sitter space in string
theory.

Moreover, a close cousin of de Sitter space, called Anti-de Sitter space, has
proven remarkably interesting in string theory. String theory in a D dimensional
Anti-de Sitter space is precisely equivalent to a theory of particle physics in D — 1
dimensions. Such an equivalence between two di erent theories is known as a du-
ality; in recent years string theory has provided several ama ing examples of dual
theories. The Anti-de Sitter duality is especially interesting because the correspond-
ing dual theory lives in one less dimension, a phenomenon known as holography. It
is natural to speculate that string theory in a D dimensional de Sitter space has a
dual holographic description as a D — 1 dimensional theory of particle physics.

The second chapter of this thesis explores this conjecture in detail, along with
several related phenomena. The duality conjecture allows us to match certain fea-
tures of de Sitter space to analogous features of the dual D — 1 dimensional theory.
One such feature is the existence of conformal vacua this is the statement that the
notion of empty space, or vacuum, is not a well defined concept in de Sitter space.
In fact, in any time-dependent geometry what one observer sees as empty space
may appear to another observer as a bath of radiation. This ambiguity greatly
constrains the structure of the dual D — 1 dimensional theory. Moreover, the ex-
istence of a dual holographic theory explains several other mysterious features of
de Sitter space. Certain properties of the event hori ons, for example, have elegant

descriptions in terms of the dual particle theory.



The third chapter, continuing the study of time-dependent backgrounds, gives
a construction of de Sitter space in a specific model of string theory. The string
theory under consideration, known as non-critical string theory, has a variety of
unusual features. The most well studied class of string theories called critical
string theories contain six extra dimensions in addition to the four that we live in,
for a total of ten dimensions. These six new dimensions are necessary to describe
a theory in flat space, i.e. a theory without space-time curvature. Other theories,
known as non-critical string theories, have more than six extra dimensions they
can be used to describe curved geometries such as de Sitter space. However, the
same features that make these theories useful, namely the existence of more than
six extra dimensions, make them difficult to study.

The construction of de Sitter space in string theory involves another unusual
phenomenon, the appearance of non-geometric dimensions. The classical theory of
gravity describes space and time in terms of smooth, continuous geometry. However,
this description breaks down at very short distances. On these small scales the
traditional notions of space and time are replaced by new, string theoretic quantities.
These non-geometric concepts play a crucial role in the construction of de Sitter
space. For example, a four dimensional de Sitter solution is found by considering a
D dimensional non-critical theory, with D —4 of the dimensions taking this peculiar,
non-geometric form.

Any construction of de Sitter space in string theory is plagued by the problem
of vacuum instability. In particular, one expects that after a certain amount of
time these de Sitter solutions will spontaneously decay into flat space. A quantum
fluctuation will lead to the creation of a spherical bubble of flat space inside the

de Sitter geometry. The walls of this bubble expand at velocities approaching the



speed of light, converting everything in their path into empty flat space.  The final
part of this chapter describes a mechanism by which certain de Sitter constructions
evade this problem. These considerations are certainly important if, as astronomical
observations indicate, our universe will come to resemble de Sitter space in the far

future.

The final chapter of this thesis concerns spacelike branes, a di erent type of
time dependent background. String theory contains, in addition to the eponymous
strings, a host of additional objects called branes. Whereas strings are one dimen-
sional objects, these branes are extended in more than one dimension membranes,
for example, are objects that extend in two dimensions. Some of these objects are
unstable and if perturbed slightly will quickly decay into a bath of radiation. This
decay process, often referred to as a spacelike brane or S-brane, is one of the few
time-dependent backgrounds that can be readily studied in string theory.

An obvious first task is to determine the dynamics and composition of this
decay. In general, an unstable brane may decay into either open strings or closed
strings. Open strings strings whose endpoints can move freely in space are typ-
ically associated with theories of particle physics. Closed strings, whose endpoints
join to form a closed loop, describe the gravitational and geometric fluctuations of

space-time. Both types of decay play a crucial role in the study of S-branes.




onforma acua and ntropy in de Sitter Space

ecently, following earlier work 4 1 | a proposal has been made relating quan-
tum gravity in de Sitter space to conformal field theory on the spacelike boundary
of de Sitter space 1 . The proposal was motivated by an analysis of the asymptotic
symmetry group of de Sitter space together with an appropriately crafted analogy
to the AdS/CFT correspondence 1 ,1 ,1 . Other relevant discussions of quantum
gravity in de Sitter space and dS/CFT appear in 20 42 .

Unlike the AdS/CFT case, there has been no derivation of the proposed
dS/CFT correspondence from string theory. Hopefully, a stringy construction of
de Sitter space will be forthcoming. Meanwhile, much has been learned about
AdS/CFT by analy ing solutions of the field equations and studying the propaga-
tion and interactions of fields, without directly using string theory. In this paper we
pursue a parallel approach to dS/CFT, analy ing in some detail massive scalar field
theory in de Sitter space. A number of surprising and interesting features emerge.
Since this paper contains some rather detailed calculations, for the benefit of the
reader we include a summary in this introduction.

We begin in section 2 with a discussion of dS-invariant reen functions for a
massive scalar, reviewing and generali ing to d dimensions the discussion of 43,44 .
We first describe the reen function obtained by analytic continuation from the

uclidean sphere. This is the so-called uclidean reen function, and it is the
two-point function of the scalar field in the uclidean vacuum. We then construct

a family of dS-invariant vacua labeled by a complex parameter and compute the




reen functions in these -vacua, which have several peculiarities. Singularities
occur at antipodal points which are however, unobservable since antipodal points
are always separated by a hori on. Moreover, these singularities do not a ect the
scalar commutator, which is independent of . We also see that the coincident
point singularity has two terms, with opposite-signed  prescriptions. Hence all
of these -vacua except for the wuclidean vacuum di er from the usual Minkowski
vacuum at arbitrarily short distances. We also compute the response of an Unruh
detector and find that it is thermal only in the uclidean vacuum. The dual CFT
interpretation of the -vacua is deferred to section 4.

In relating the AdS/CFT and dS/CFT correspondences, it is natural to con-
sider the particular reen function obtained by double’ analytic continuation from
AdS to dS via the hyperbolic plane. We show that the reen function so obtained,
while dS-invariant, does correspond to the reen function in any known dS-
invariant vacuum. This result underscores the non-triviality of extrapolating from
AdS/CFT to dS/CFT.

In section 3 we consider scalar field theory in spherical coordinates

d— —d cosh d 21

again generali ing 43,44 to d dimensions. A salient feature of these coordinates
is that they cover all of de Sitter space and hence are suitable for studying global
properties. The solutions of the massive scalar wave equation are found for arbitrary

angular momentum. We then give an explicit construction in terms of these modes




of the Bogolyubov transformations relating all the -vacua. Special in’ and out’
vacua are found, which are distinct from the uclidean vacuum. The in vacuum
has no incoming particles on Z—, while the out vacuum has no outgoing particles
on ZT. The Bogulubov transformation between them is computed. Surprisingly,
it is found to be trivial in odd-dimensions. This means that for the in vacuum of
odd-dimensional de Sitter space there is no particle production. This result did not
appear in previous analyses, which largely considered the four-dimensional case.

In section 4 we speciali e to dS and consider the dual CFT interpretation
of these results, along the lines proposed in 1 . We first compute the boundary
behavior of the massive scalar reen function as a function of the vacuum parameter

. This behavior is fixed by conformal invariance up to overall constants which are
-dependent. The boundary correlators have an especially simple form in the in

vacuum. For both points on Z~ or both on ZT they vanish  This is related
to the fact that on Z— the spatial kinetic terms vanish and the theory becomes
ultralocal. For one point on Z~ and one on ZT they do not vanish. The simplicity
of this behavior suggests that the in vacuum, despite the unphysical singularities,
may play an important role in understanding the dS/CFT correspondence.

One way of generating a family of correlators in a CFT is by deforming the
theory by a marginal operator. In 1 it was argued that a scalar field of mass

is dual to a pair of CF'T operators with conformal weights 1 1-—

The composite operator 4 _ always has dimension 2 dor any , exactly what
is required for a marginal deformation. We show explicitly for real that this
composite operator deforms the correlators in the same way as shifting

In section we consider the definition of the adjoint in the Hilbert space of
the scalar field. In standard treatments of 2D uclidean conformal field theory, the

adjoint of an operator involves a non-local reflection about the unit circle. This




prescription becomes the usual local adjoint when mapped to the cylinder. The

naive adjoint for a bulk scalar field induces an adjoint in the wuclidean CFT
which is local, and hence does not agree with the usual uclidean CFT adjoint.
However, in 20 Witten introduced a modified bulk inner product and corresponding
adjoint. We show that, after a modification of the parity operation, Witten’s bulk

adjoint induces precisely the standard non-local uclidean CFT adjoint. We further

show that with the modified adjoint the 2 generators obey _ in
a standard notation , as opposed to the relation implied by the naive
adjoint.

As in the AdS case one expects that di erent coordinate systems in dS are
relevant for di erent physical situations. In section we consider static coordinates

for dS , in which the metric is

L ’

where is the de Sitter radius. These coordinates do not cover all of dS with
a single patch. Nevertheless, they do cover the so-called southern diamond the
region causally accessible to an observer at the south pole’ 0. Moreover, the
symmetry generating time evolution of the southern observer is manifest in static

coordinates. Hence they appear well-adapted to describing the physics accessible

to a single observer, as advocated in 4 . Z~ is at and is conformal to a
cylinder.
In the coordinates, the full dS spacetime can be covered with four

patches separated by hori ons. We solve the scalar wave equation in each patch
and construct global solutions by matching across the hori on. It is shown that
the in vacuum on the cylinder and the in vacuum on the sphere are equivalent. A
southern density matrix is constructed from the uclidean vacuum by tracing over

modes which are supported only in the northern causal diamond and are thereby



unobservable to the southern observer. This is explicitly shown to be a thermal
density matrix at temperature —, with energy measured with respect to
the static time coordinate in 2.2 . This result is implicit in the original work 4

In section we extend the static coordinate discussion to the Kerr-dS geometry
which represents a pair of spinning point masses at the north and south poles of
dS . This has a ibbons-Hawking temperature and angular potential
which depend on the mass and spin. It is shown that, after tracing over northern
modes, one obtains a thermal density matrix at precisely temperature and
angular potential

According to the dS /CFT correspondence the quantum state on a bulk space-
like slice ending on Z~ is dual to a CFT state on the boundary of the spacelike slice
at Z= 1 . The dS-invariant bulk vacuum should be dual to the 2 invariant
CFT vacuum. For pure de Sitter space, we therefore expect to see a Casimir energy
— 12, where — is the central charge of the CFT computed in 1 . We find
a two-parameter agreement with this expectation by computing the Brown- ork
boundary stress tensor in Kerr-dS . This generali es results of 4

Finally, in section we turn to the issue of de Sitter entropy. In the case of BT
black holes in AdS , the entropy formula can be microscopically derived, including
the numerical coefficient, from the properties of the asymptotic symmetry group
together with the assumption that the system is described by a consistent, unitary
quantum theory of gravity 4 . String theory seems necessary in order to produce
an actual example of such a theory, but the general arguments follow from the
stated assumptions independently of the stringy examples. Therefore it is natural
to hope that a similar discusion is possible for dS . We report here some partial
results but not a complete solution of the problem. elated discussions appear in

114 3.

The main observation is that if we simply assume Cardy’s formula for the den-

10



sity of states, then a CFT with — at temperature and angular potential

has a microscopic entropy precisely equal to one quarter the area of the Kerr-
dS hori on. The two-parameter fit is striking but at present should be regarded
as highly suggestive numerology rather than a derivation. For one thing, the dual
CFT is unlikely to be unitary 1 , and so there is no reason for Cardy’s formula to
apply. Secondly, it is not clear how a mixed thermal state arises in the dual CFT.
The natural CFT state associated to Z~ is the 2 invariant vacuum, in agree-
ment with the pure nature of the global bulk de Sitter vacuum. A mixed density
matrix arises in the bulk only after tracing over the unobservable northern modes.
However, tracing over northern modes is a bulk concept. We have not succeeded in
finding a natural boundary interpretation of this operation.

We believe this raises a sharp and important question whose answer may lie
within the present framework and in particular may not require a stringy construc-
tion of de Sitter. What is the meaning, in terms of the dual boundary CFT, of
tracing out degrees of freedom which are inaccessible to a single observer

Two appendices detail useful properties of hypergeometric functions and de
Sitter reen functions. For the rest of the paper we will set 1 unless otherwise

stated.

The two point Wightman function of a free massive scalar can be used to
characteri e the various de Sitter invariant vacua. In this section we describe these
reen functions and their properties. Previous studies of scalar field theory in de
Sitter space, largely concentrating on the four-dimensional case, can be found in

43,44, 4 3.

11



In this subsection we review the standard uclidean vacuum and its associated
Wightman function.
d-dimensional de Sitter space dS is described by the hyperboloid in d 1-

dimensional Minkowski space

where

0 d 32

We will use lower case to denote a d-dimensional coordinate on dS and upper
case  to denote the corresponding d 1-dimensional coordinate in the embedding
space. The function is greater than one for timelike separations, equal to
one for lightlike separations, and less than one for spacelike separations. In fact,
cos , where is the geodesic distance between  and for spatial
separations, or times the geodesic proper time di erence for timelike separations.
A vacuum state for a free massive scalar in de Sitter space with the mode
expansion

33

can be defined by the conditions

0 34
where and as usual obey
3
The modes satisfy the de Sitter space wave equation
_ 0 3

12



and are normali ed with respect to the invariant Klein- ordon inner product

The integral is taken over a complete spacelike slice in dS with induced metric

,and d d ~, where is the future directed unit normal vector. The
norm 3. is independent of the choice of this slice. depends on the choice of
modes appearing in 3.3 .

The Wightman function, defined by

3
characteri es the vacuum state . There is a unique state, the  uclidean vac-
uum , whose Wightman function is obtained by analytic continuation from

the uclidean sphere. This state is invariant under the full de Sitter group. In d

spacetime dimensions the Wightman function in the state is
. d- 1
+ - 9’ 2
d—1
2
d—1 S
2
_l’_ —
4 _
is real in the spacelike region 1 and singular on the light cone 1. The

prescription near the singularity is

- - - - 310

Note that this prescription cannot be written in terms of the invariant quantity

alone, which is time-reversal invariant. obeys

- 0 311

13



In addition to the Wightman function, the Feynman propagator

— - 312
and commutator
— 313
are also of interest. With the normali ation 3. obeys
_ - 314

In this subsection we describe the MA Mottola-Allen transform 43,44 , which
relates the various de Sitter invariant vacua and Wightman functions to one another.
et denote the positive frequency modes associated to the uclidean
vacuum. xplicit expressions for will be given later sections 3.3 and . |, but
we don’t need them now. et denote the antipodal point to on the de Sitter
hyperboloid i.e., — . Then, as will be seen below, the uclidean modes

can be chosen to obey

31
Now consider a new set of modes related by the MA transform
1
1— +
where can be any complex number with e 0. The modes 3.1 can be used

to define new operators and  via a decomposition of the form 3.3 . These are

related to the uclidean operators and by

14



This may be rewritten as

31
where
1 — e
— — Intanh - 31
exp 4 ntan 5
The vacuum state
320
is annihilated by the . The operator is unitary, so 3.20 is properly normali ed.
In the quantum optics literature, is known as a squee ed state. quation 3.20
may be formally rewritten as
! 321
exp =
P9

where is a constant. Although this expression is not normali able so is tech-
nically ero , it is often more convenient than 3.20 .

The Wightman function in the state is

322

Using 3.1 and 3.1 this can be rewritten as a sum over uclidean modes,

_l’_
323
and then evaluated as
_|_
324
Hence it is easy to obtain the Wightman function from the uclidean one.
Since these Wightman functions depend only on the d 1 invariant quantity

1



away from the singularities this construction demonstrates the invariance of the

vacua under the connected part of the de Sitter group. Note however that if is

not real the collection of modes 3.1 is not mapped into itself by . Therefore
the vacua, are invariant only for real

Of course, since the commutator of two fields is a c-number, the commutator
function must be the same in all vacua. It is easy to check that the commutator
constructed from the two point function 3.24 has this property.

The Wightman function 3.24 has several peculiarities. Firstly, there are an-
tipodal singularities at . However such antipodal points are separated by a
hori on so this singularity is not observable. Secondly, the singularity at coincident
points has a negative frequency component coming from the second term in 3.24

although the commutator is una ected . This means that for 0 the vacuum
state does not approach the usual Minkowskian one even at distances much shorter
than the de Sitter radius. This unphysical behavior was to be expected since
the MA transform 3.1 involves arbitrarily high-frequency modes. Despite these
peculiarities we will see that these vacua play an interesting role in the dS/CFT

correspondence.

An alternate way to get a dS reen function is by double analytic continuation
from AdS via the hyperbolic plane. In fact, we shall argue that this yields a reen
function which di ers from any of those discussed in the previous subsection and
therefore, as far as we know, is not physically reali able as the Wightman function
in any vacuum state. Hence the dS/CFT correspondence is not in any precise sense
that we know of the analytic continuation of the AdS/CFT correspondence, and

care must be taken in extrapolating from the latter to the former.




AdS has a unique d—1 2 invariant vacuum whose scalar reen functions
can be obtained as a sum over normali able eigenmodes. The wave equation allows
two possible fallo s fast and slow at infinity, but only the fast fallo appears in
the reen function. Double analytic continuation from AdS to dS will therefore
yield a dS reen function with only one of the two possible fallo rates which
become complex conjugates for large enough . This cannot be the uclidean

dS reen function, as the latter involves both fallo s. There is a vacuum

whose reen function has the required fallo . However from 3.24 we see that
the reen function for every state except has a coincident point singularity
with a coefficient larger than that of and containing two terms with opposite-

signed prescriptions. However double analytic continuation from AdS will yield a
coincident point singularity with a canonical coefficient and a single  prescription.

Hence it yields a reen function which is not reali ed as for any

In this subsection we discuss particle detection by a geodesic observer in the

vacua. We will find a thermal spectrum only for the uclidean vacuum.

Consider an Unruh detector moving along a timelike geodesic, which couples
to the field as

d 32

where is an operator acting on the internal states of the detector and the inte-
gral is over the proper time along the detector worldline. Without loss of generality

we may take the detector to be sitting on the south pole. et’s assume that the

detector has a spectrum of states with energies , and define the matrix ele-
ment, 0 . In the vacuum state the transition rate between the
states and may be evaluated in perturbation theory see, e.g. the review




where —

First, let us study particle production in the uclidean vacuum. For two time-

like separated points and  we have cosh and —cosh
where is the proper time between and . We take to be positive negative
if is in the future past light cone of . As a function of , the appropriate

prescription for the Wightman function is
— 32

indicating that for positive negative  we should go under over the branch cut

from 1 to in 3. . As a function in the complex plane obeys
— _9 32
-2 32
To evaluate we must take —
- -2 330

Similarly, we may evaluate
— 331

The points and are spacelike separated, so it is not necessary to insert an
et us consider the example of d 3. As a function of , the reen function
3. has singularities at for all —1. This may be seen from the alternate
form of the reen function presented in Appendix A. Thus in the evaluating 3.2
we may deform the contour of integration in the complex plane

d - - - d - -
332



The ~ terms have been dropped. Using 3.2 and the second line of 3.32 we

find that the detector response rate 3.2 obeys
B 333

in the wuclidean vacuum. This is the condition of detailed balance for a thermal

system at the de Sitter temperature

1
— 334
2
For a general vacuum state we may use the identities 3.32 to relate the
integrals of all four terms in 3.24 . We find
d ~ - I d ~ - 33
So the ratio 3.33 becomes
1 +
- _ 33
1 u—

We conclude that the detector response is not thermal. In general the detector
will not equilibrate. ven though the ratio 3.3 is non- ero, we will see in the
next section that there are vacua for which, in a certain sense, there is no particle

creation.

In this section we study scalar field theory on d in global coordinates

The metric is

d —d cosh d _ 41

where d _ is the usual metric on =~ , parameteri ed by the coordinates . A
important feature of these coordinates is that they cover all of d and hence are

suited to a global description of the quantum state.




In this subsection we find solutions to the massive wave equation

— 0 42
This di erential equation is separable, with solutions
43
The are spherical harmonics on obeying
— d—2 44
Here is a non-negative integer and 1is a collective index — . We will
use a non-standard choice of ’s, with
4

denotes the point on antipodal to . In terms of the usual spherical

Here
harmonics ,
_ _ _ 4
2 2
The functions are orthonormal,
d 4
and complete,
- 4
We then have
-2
d—1 tanh d 0 4
cosh

20



In terms of the coordinate — this becomes

d—1 d—1 1-— d—2
1— 1-— -1 — — - 0
2 2 4 1-—
410
et us make the substitution
cosh T 411
With
d—1
- 412
4
equation 4.10 becomes a hypergeometric equation for |
1-— -1 - 0 413
with coefficients
E E _ 1 414
2 2

et us consider the case of real positive ,i.e.,2 > d—1 . We find that

2t - d—1 d—1
Z cosh +—- - 1= .=
—— COS 5 9 ; )

41
and its complex conjugate are two linearly independent solutions. The normali a-
tion is fixed by demanding that these modes are orthonormal with respect to the

inner product 3. , which is easily evaluated on Z—.

We now use the solutions 4.1 to construct in out vacua with no incoming
outgoing particles, and find the Bogolyubov transformation relating them. Note
that 4. is invariant under time reversal. Hence we obtain another pair of linearly

independent solutions by defining

21



xplicitly,

2t - d—1 d—1
—— cosh T~ .1 o~
2 2
41
At the past boundary —  we find that 1 and hence
9 -
e 41
while at the future boundary
9 -
— - — 41
Thus we see that the modes
420

are positive frequency modes with respect to the global time near the asymptotic
past and future boundaries, respectively. They represent incoming and outgoing
particle states. They define two vacua, in and out , which are annihilated by
the lowering operators associated to and , respectively. Physically, in is
the state with no incoming particles on Z= and out is the state with no outgoing
particles on ZT.

The Bogolyubov coefficients relating the two sets of modes can be found by
using the hypergeometric transformation equations summari ed in Appendix B
and 4. . One finds

B 421

where

1 d odd 0 d odd
; 422
coth d even — ~csch d even

22



we have isolated the phase

- - T — 423
for later convenience. The coefficients obey — 1 as required for properly
normali ed modes.

Note that , the coefficient mixing positive and negative frequency modes,

vanishes in odd dimensions. This implies that the two sets of modes define the
same vacuum

in out in odd dimensions 424

Hence, there is no particle production. If no particles are coming in from Z~, no
particles will go out on ZT. This is in contrast to the even-dimensional case for
which there is always some particle production.

From 4.1 it follows that near Z~. In the language of 1 , this
implies the modes are dual to operators of weight . on the boundary. ikewise,

are dual to operators of weight _. The de Sitter transformations act on the
boundary theory as global conformal transformations, which do not mix operators
of di erent weight. We conclude that and do not mix under the de Sitter
group, so the states in and out are de Sitter invariant.

It is convenient to define the rescaled global modes

472

This is a trivial phase shift, so in and out are the states annihilated by the lower-
ing operators associated to and , respectively. In this basis the Bogolyubov
transformation

42

23



has the form of an MA transform, and so can be used to define additional de Sitter

invariant vacua. The modes 4.2 have the useful property that for any point
42
where — is the point antipodal to . In odd dimensions this becomes

42

This implies that in odd dimensions the in vacuum is CPT invariant, whereas in

even dimensions CPT interchanges in and out.

In this subsection we construct the uclidean vacuum in the basis of spher-
ical modes.

The orent ian de Sitter geometry 4.1 can be continued to uclidean sig-
nature by taking to run along the imaginary axis, from —— to —.
The resulting geometry is a round d-sphere. We define the upper lower uclidean
hemisphere as the portion of this path that lies in the upper lower complex
plane. In particular, the upper lower uclidean pole lies at — - .

We define positive frequency uclidean modes to be those that are regular
when analytically continued to the lower uclidean hemisphere. In this subsection
we find these modes in global coordinates. The uclidean vacuum is the state
that is annihilated by the positive frequency uclidean modes.

We may rewrite 4.10 in terms of the variable 1- 1 , which is
well suited to analy ing the behavior of global modes on the uclidean geometry.
Upon substituting

cosh t 42
we obtain the hypergeometric equation

1- — -1

4 30
d

&|&
I
)
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with positive integer coefficient

2 d—1 431
We find the general solution
D 4 32
where
d—1 d—1
—5 5 ;2 d—1; 433
The second solution is given by
d—1 d—1
- 1- -——1 - ——33-2 —d; 434
2 2 ? b
if d is odd, and by
In 43
if d is even; the coefficients are found, e.g., in
The orent ian geometry lies on the path from 1 Z~ along the real
axis to Z7 . On the throat, at 2, it intersects with the uclidean ge-
ometry, which lies on a unit circle centered at 1. The lower upper hemisphere
corresponds to the lower upper half-circle. The uclidean poles are at 0. The
functions 4.32 have a branch cut from 1 to . Hence, they are not

analytic on the whole wuclidean sphere. By choosing the orent ian path to run
just below the real axis — , we obtain solutions that are analytic on the
lower hemisphere and the entire orent ian geometry.
The first solution 4.33 is regular in these regions, whereas the second solution,
4.34 or 4.3 , becomes singular at the lower uclidean pole, at 0— . Hence
we discard the second set of modes and keep the first. The modes can be analytically
continued through the branch cut to the upper hemisphere, where they are not

expected to be regular.



The normali ed uclidean modes are

1
43
-1
where
9 + - - +—
— cosh Tt
¢—1 i 43
2 2 b b
2 d—1
The wuclidean reen function 3. is then given by the mode sum
43

This expression was given in the four-dimensional case in 43 .
in
In this subsection we show that the uclidean and in vacua are MA transforms
of each other.

et us again speciali e to the caseof 2 > d—1 . The are then related to

the by

So the uclidean modes are related to the global modes by

1

- — - 440
1_ p—

from which it follows, along with 4.2 and 4.2 | that

441

in any dimension. This implies the uclidean vacuum is CPT invariant.



Now, 4.40 may be inverted to give

1

- — - 442
1_ —

which is an MA transformation with
— —_ 443

We have thus identified the MA transformation relating the in vacuum and the

uclidean vacuum

In this section we interpret the CPT invariant real  family of bulk de Sitter
invariant vacua as a line of marginal deformations of the boundary CFT. A similar
interpretation may extend to the the case of general complex but we do not pursue

it here. In this and later sections we restrict to the case d 3.

T

In this subsection we evaluate the various reen functions appearing on the
right hand side of 3.24 for and onZ , and then put the results together to see
how the boundary values of the correlators depend on . We use global coordinates

, , where tan — is the complex coordinate on the 2-sphere,
so that

d —d 4 cosh T 1

The behavior of the correlators at Z follows from the asymptotic form of the

hypergeometric functions. As one has see Appendix B




This expression is not in general real unless is real and negative because the

1 are not real. In spherical coordinates one finds near 7~
li ; - —
L ’ 21 1 3
For and both on 7~
lim + + + - 4

here is proportional to the two point function for a conformal field of dimension

on the sphere

We note that on 7~ as the points are spacelike separated.
We have assumed here, and in the following expressions unless explicitly stated
that and  are not coincident so that contact terms can be ignored.

et us now consider the case where is on Z~ and is on ZT. Since the
antipodal point to , namely — - —— —— ,isonZ” we may

use .4 and the formula

In continuing .4 to positive  we must take care to go above the branch cut, in

accord with the presription for the Wightman function with > . We find

lim - - + - a -
To evaluate we must go under the branch cut, yielding
lim - B + - I -

Now we insert these results into formula 3.24 for the Wightman function in

the general vacuum state . For both points on Z~ one finds
lim. 1- * 1- - + +
1- - 1- 7 o



On the other hand for onZ~ and on ZT we get

10

We see that the boundary correlators depend nontrivially on the choice of vacuum.
Since we have taken , these formulae are valid only for non-coincident
points on Z and omit possible contact terms.
et us now turn to the interesting special case of the in vacuum, which has
— . For both points on Z~ it follows from . that the correlators vanish
On the other hand, for onZ~ and onZ" we get
lim —2sinh - -
11
lim —2sinh - +
When the points on Z~ coincide there is a contact term which can be easily
computed by noting that the Wightman function on Z= reduces to a mode sum

over spherical harmonics. This gives

2
lim - + 12

The situation can be described as follows. As Z~ is approached, the spatial
part of the scalar kinetic terms are exponentially supressed relative to the rest of the
action. Neighboring points decouple and the theory becomes ultralocal. It reduces
to a harmonic oscillator at each point; hence the vanishing of . However, the
map defined by propagation from Z~ to ZT is not ultralocal on the sphere. It
introduces nontrivial correlators when one point is on Z~ and the other is on Z7.

Of course, in other vacua such as the uclidean vacuum there are nontrivial
I~ correlators. As will be seen in the next subsection, the wave functions for these
vacua di er from the in vacuum wavefunction by terms which are nonlocal on Z—.

These terms are directly responsible for the nontrivial Z~ correlators.



Now we argue that the dual interpretation of the one-parameter family of dS
vacua is a one-parameter family of marginal deformations of the CFT. It is conve-

nient to define operators on Z~ and ZT by

lim n _
13
lim +
has been defined with an antipodal inversion relative to so that they trans-

form the same way under conformal transformations 1 . These are position space

versions of the creation operators associated to the spherical modes and ,
2
N B z
_ 14
2
N B z

From the asymptotic reen functions .12 and .11 we find that the only non-

ero commutators are

)

2sinh
The in and out operators are related by a Bogolyubov transformation and

hence are not independent. In this subsection we take to be the fundamental

operators. At a general point in the bulk is determined from its value on Z~ via

d B 1
In particular, taking to be on ZT and using the limiting expression for which
does not depend on  we find
— sinh d 1
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This is a position-space version of the Bogolyubov transformation 4.21 . We see
that the absence of mixing between and , which seemed so surprising in
section 3.2, follows directly from the asymptotic behavior of the reen functions.

We note parenthetically that this implies the identity verified in

sinh d  _ N 1

The in vacuum obeys

_ in 0 1
The general vacuum state discussed in section 2.2 can be constructed in terms
of the in vacuum as
exp 5 d + - - 5 d - ¥ n 20

where

sinh —

T 21

sinh ———

and the function is given by 3.1 . This equation may be formally rewritten as

exp 1 d T in 22
These vacua obey the manifestly 2 invariant condition
_ - _ 23
This is most easily seen by applying the representation _ ——-—of .1 to
.22 . In particular, the uclidean vacuum has — and therefore obeys
B 24
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Now we consider the boundary field theory. Consider the two operators
dual to with conformal weights . According to the dS/CFT correspondence

1 , the dual correlators are determined from the correlator . as
—— 1-— 1- 2
The commutators .1 also imply the contact terms
-7 - + 2
- 1— + 2
From the CFT point of view this is an unusual contact term prescription in that it
depends on the operator ordering.
What is the CFT origin of the parameter Usually a one-parameter family of
correlators corresponds to a line of marginal deformations generated by a dimension
1 1 operator. Indeed, , _ isadimension 1 1 operator. et us consider adding

this operator to the two-dimensional CFT action with real coefficient . At linear

order this perturbs the correlators according to the formula

+ o+ - 3 ¢ + - + +
—4  coth + +
2
et’s take  to be real, so that + + is a monotonically increasing function
of . Then the variation of the two point function as is proportional to

the deformation .2 | which may be integrated to determine as a function of
This strongly suggests that the family of and d 1 invariant vacuum
states are marginal deformations of the boundary CFT generated by the 11
operator ; _. The two point functions of these CFTs can all be made equivalent
by rescaling operators, except for the special case — . Soin principle from this

analysis alone the CFTs with might all be equivalent. In order to complete
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the argument one should check that the three point function is not invariant under

such rescalings. This has been shown in

In this section we discuss various choices of norm for the Hilbert space of a
real scalar field on dS , or equivalently the definition of the adjoint. The first naive

choice one might make is

However Witten 20 argues that this choice may not be well-defined for full quantum
gravity oustide of perturbation theory. An alternate norm is proposed 20 which
involves path integral evolution form Z~ to Z* together with conjugation. In
this section we will explicitly compute this norm for a free scalar and find, after
a slight modification involving the form of |, that it has a very natural boundary
interpretation it yields the amolodchikov metric for the boundary CFT.

Before delving into details it is instructive to recall an isomorphic discussion
of norms which arises in the standard treatment of uclidean CFT. Consider the

mode expansion for a free boson on the orent ian cylinder ignoring ero modes

T - 2

Using _ one finds

On the other hand, the standard mode expansion on the complex uclidean plane

is

33



Using _ one now finds

11

In this case the adjoint relates  at points in the uclidean plane reflected across
the unit circle. In particular the norm of the state created by or any other
operator is just the two point function, and hence is the amolodchikov norm.

eturning now to dS , the naive adjoint rule .1 induces an adjoint in the

uclidean boundary CFT of the form . On the other hand we will
show that the modified Witten adjoint gives precisely . . We further consider the
dS 2 isometry generators , for 0 1. It is shown that
for the naive adjoint, but _ for the modified adjoint.

Although we take d 3, much of the following discussion carries over simply

to higher dimensions.

dS can be represented by the hyberboloid

+_

in flat Minkowski space. The isometries of dS are then inherited from the 2
orent isometries of Minkowski space. The six generators can be written as com-
binations of rotations and boosts together with their complex conjugates.

We denote the associated Killing vectors by and  for 0 1. The past and

future hori ons of an observer worldline at 0 are located on the hyperboloid at
T = 0. We denote the Killing vectors preserving this hori on as
_l’_ _ —
+ —
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The four additional Killing vectors are

+ - —
—~ ST+
+ - p—
—~ T+
They obey the ie bracket relation
- +

In addition, we consider the two discrete symmetries parity and time reversal

10

In terms of the global coordinates , takes a point on the 2-sphere
to the point and takes to — .

Our choice of parity in .10 reflects all the coordinates about an observer
at the south pole. An alternate choice is which reflects only one coordinate.
This is the choice employed in 20 , motivated by the fact that the corresponding

operation is known to be an exact field theory symmetry, after taking a flat
space limit of dS . We shall indicate below how the results are modified if this

definition of is employed.

We now compute the action of the discrete symmetries , and on the field
operators.
We consider a real scalar field so that is trivial. We wish to find Hilbert space

operators and that implement .10 on as

11



As usual is an antilinear operator which combines a unitary operator
with complex conjugation  of functions.

The mode expansions for in terms of the and modes are

12

13

We have written lowering and raising operators as ’'s and ’s, respectively, and are
not assuming here that

We define the action of by

— — 14
and similarly for the out operators. Since — this definition
reproduces .11 . We define the action of by

— — 1

At the same time it acts as complex conjugation on functions. The wave functions

appearing in .12 transform as

1
Putting this together gives
1
as required.
We wish to consider the action of on the in and out field operators
and , defined by .13 . Using .14 .1 these obey
+ —
1
+ —



Following Witten 20, we now describe a modified inner product. First we
construct a bilinear pairing between states on Z~and states on ZT. We will consider
asymptotic states on Z

i in in 1

where and are functions on the 2-sphere. Using .1 , the out state

can be expressed as a linear combination of in states

— sinh _ I in 20
This corresponds to evolving the state backwards from ZT to Z—, and defines
the bilinear pairing
— sinh _ 21

We now use the pairing to define an inner product on Z~ that is antilinear in the

first argument. Note that applying to a state on Z~ gives us a state on ZT
in 22

to which we may apply the pairing .21 . We find the inner product between two

states on Z~
— sinh _ 23

For free field theory the norm .23 implies the adjoint relations

24




This may look strange at first but is in fact precisely the usual norm employed
for a uclidean CFT. Note that  coupled with the antipodal map is reflection

about the equator, so that

| =
| =

as in . . For states constructed by acting with operators on Z—, it therefore
follows that the norm is simply the two point function. Hence .23 gives the

amolodchikov metric on the boundary CFT.

Formula .23 in fact remains valid for any choice of . Using as in
20, one finds instead of .2 | —- —— . The adjoint then involves
rotation by about rather than reflection across the unit disc.
2
The quantum generators of the symmetries . and . are as usual given
by
d
2
d
for any complete spacelike slice . We choose  to be the throat + ~ because

it is mapped to itself under both and . For a massive scalar,

1
- = 2
2
With the ordinary inner product, is hermitian, and one finds . With
the modified inner product, one has
d 2
We then consider a coordinate transformation . One finds
d 2



Using the relations

30
d —d
it follows that
- 31
In 1 the 2 isometries of dS were conjectured to extend to a full i-

rasoro symmetry of the full quantum gravity not just a free scalar . This naturally
acted not on closed spacelike slices but on asymptotically flat slices ending on Z. Tt

would be interesting to compute the adjoints of these generators.

In this section we study scalar field theory in static coordinates. Again for
simplicity we speciali e to dS , although we expect the higher dimensional cases to

be similar. The metric is

d
d -1- d —_— d 1
1—
This metric is singular at the hori ons 1, which divides dS into four regions.
There are two regions with 0 1 corresponding to the causal diamonds of

observers at the north and south poles. We shall refer to these as the northern and
southern diamonds. There are two more regions with 1 containing ZT and
T~ which we shall refer to as the future and past triangles. On Z , where ,
the spatial metric approaches  d d and hence is conformal to the cylinder.

Unlike the global coordinates, static coordinates do not smoothly cover all
of dS . However, they are well-suited to describing the physics associated to an
observer who can access a single causal diamond. The Killing vector — is manifest
in static coordinates, but is future-directed only in the southern diamond; it is past-

directed in the northern diamond and space-like in the past and future triangles.

3



In the following we solve the scalar wave equation in the four regions. Then we
patch the solutions together to get a global solution over all of dS by matching at
the hori ons. We further show explicitly that tracing the uclidean vacuum over
the Hilbert space of the northern modes leads to a thermal density matrix in the

southern diamond.

The equation of motion for a scalar field of mass is - 0. In

static coordinates, this becomes

1 1 1

- = 1= - 0 2
1—

The equation separates, so that a general solution can be expanded

d 3
where
-+ -+ 4
and , are two linearly independent solutions of the radial equation
d 1 d
1-  — --3 - — - 0
d d 1-—
A solution smooth near 0 is given by
-+
1-— o 503
1
2 +
1
5 _
1
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We have not normali ed this solution, although the necessary factor follows from
computations below. The superscript denotes that this solution is in the south-
ern diamond. One can show from the transformation formulae for hypergeometric

functions see Appendix B that

Similarly we may define northern modes

It is convenient to use the time coordinate both in the northern and in the southern

diamond. Although this coordinate system does not uniquely label points on all of

dS , there will be no confusion since we denote northern functions with a superscript

. The coordinate runs forward in the southern diamond and backward in the

northern diamond. Hence for > 0 the modes . are positive frequency and
are negative frequency.

Near the hori on, for 1, one can show see Appendix B for details that

becomes

In order to analy e the flux across the hori ons it is useful to introduce Kruskal

coordinates )
} - 10
“ln ——
2
in which
d 1 —4d d 1 d 11



> 0 and 0 in the southern diamond. The future past hori on is at 0
0 . In contrast to the static coordinates, Kruskal coordinates are nonsingular
at the hori on.

The modes . become, for 1 0

where we define the complex constants

1 - 2

13
_ — n _ — _

The first term in .12 is incoming flux across the past hori on, while the second is
outgoing flux across the future hori on. A similar analysis in the northern diamond

with 0 > 0 gives for 1

- - 14
The northern and southern modes are simply related by
- - 1
The second family of solutions is given by
In -t 1- = 1
where the coefficients are given in, e.g., equation 1 . .1 of . These modes

are singular at r 0 for all and hence are excluded.

et us analy e the behavior of the modes in the past triangle which includes

Z~ but not Z* where > 1. A complex solution of .2 is



T is invariant

Using properties of the hypergeometric functions one finds that
under — , but is not real. Therefore the second solution of .2 is obtained

by complex conjugation

This is equivalent to replacing 4 with _ in .1 . Near Z— we find

- 1
In the past triangle the coordinate is timelike and past-directed, so that the  ~
are positive frequency for > 1.
Near the hori on, for 1, we find
+ -+ n -1
-~ + - = = +
-1
- = + - +
20

The relation between static and Kruskal coordinates in the past triangle is

1
1—
1

“ln —
2

21

and are both negative in this region. The boundary with the northern south-

ern diamond is at 0 0 . The near hori on behavior .20 becomes

+ — _ = - 22
where

- 2
+ 23
- - + - - - +

Similarly one finds near 1 that

- — —__—_— 24
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One may also define modes in the future triangle by

+ + -+
2
— + - 4+
Near Z7 we find
- 2
In the future triangle the coordinate is future-directed, so that the T are

positive frequency.
The relation between static and Kruskal coordinates in the future triangle is

again given by .21 , which means that increases to the south north in the

future past triangle. and  are both positive in this region. The boundary
of the future triangle with the northern southern diamond is at 0 0.
Near the hori ons 0 the modes obey
+ _
B 2

The past and future modes are simply related by

In the previous two subsections we have described solutions in the past and
future triangles as well as the northern and southern diamonds. By matching fluxes
across the hori on, these may be extended to global solutions over all of dS . For
example the — — = terms in the past modes .22 and .24 carry
flux into the southern northern diamond. The continuation of .22 and .24
into these regions is obtained by matching to .12 along 0 and to .14 along

0. Matching across the hori on again then yields the future mode.
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Henceforth we shall use the symbol to denote the global solution so con-

structed. Similarly, will denote the global solution agreeing with .2 in the
future triangle. We may also construct global solutions that agree with
the modes . . in the southern northern diamond these solutions vanish

in the northern southern diamond.

From the matching procedure outlined above we find that these modes obey

_I_ —
2
- +
where
30
and
- - 31
eversing the signs of and and using , one finds that the second

equation in .2 follows from the first. The Bogolyubov transformation from Z—

to ZT then follows from .2 as

32

where

As with the spherical modes of section 3.2, the Bogolyubov transformation .32 is

trivial. The vacuum in defined by the modes is identical to the vacuum out

defined by the



In this subsection, following 0 we write the uclidean modes as linear com-

binations of northern and southern modes.

In Kruskal coordinates the southern modes . in the southern diamond are

of the form
- 34
for >0 0, and vanish for 0 > 0. The northern modes in the northern

diamond are of the same form

but have support for 0 > 0instead of >0 0. We wish to find a
linear combination of .34 and .3 which is analytic in the lower complex
and planes. This can be accomplished by analytically continuing the southern

modes .34 to the northern diamond along the contour

taking from 0 to . Notice that the product is independent of , so that the

continuation of the southern mode .34 is

Comparing with .3  we see that the linear combination




is analytic in the lower half of the complex and planes. Since runs backwards
in the northern diamond, this is a linear combination of positive and negative fre-

quency modes. A second linear combination

is also analytic in the lower half plane. Both and are positive frequency for

> 0.

In this subsection we will show that the in vacuum on the cylinder is the
same as the in vacuum on the sphere by showing that it is an MA transform of
the uclidean vacuum with — . This result is anticipated by the fact that
the dual CFTs should be simply related by the conformal transformation from the
sphere to the cylinder. Nevertheless, it provides a useful check on our constructions.

The first step is to redefine in order to simplify the expression for in

2 . et

40

Then .2 becomes

1 +
— 41
with
_ +
— — — 42
It follows that the uclidean modes obey
- - 43

Inverting this relation, one recovers —



et us summari e the southern and northern mode expansions

d
- 44
d
Here we take the modes and to be normali ed with respect to the Klein-
ordon inner product 3. . The Fock space in the southern diamond is constructed
with lowering operators and raising operators . The Fock space in the
northern diamond is constructed with lowering operators and raising opera-
tors
The modes .3 and .3 annihilate the uclidean vacuum, . This allows
us to express as a superposition of states in the northern and southern Fock
spaces 1
1— ~ Cexp
- 4
1 _ — - —
Here and are the southern and northern vacua, and
4

Only the southern diamond is causally accessible to an observer at the south pole.
The quantum state in this region is described by a density matrix , which is
obtained from a global state by tracing over the field modes in the northern diamond.

For the uclidean vacuum .4 we obtain

tr 1—- - - 4



ecall that the Killing vector is everywhere time-like and future
directed in the southern diamond. Neglecting gravitational back-reaction of the

field modes, this allows us to define a Hamiltonian for the southern modes

d d 4
where is the stress tensor of the scalar field. Here is a constant Cauchy
surface in the southern diamond with normal vector is 1— =7 . This

definition of energy is natural for the observer at the south pole. For later use, we
also define the angular momentum  as the conserved charge associated with the

Killing vector -

d d 4
With respect to the Hamiltonian , the southern state .4 becomes a ther-
mal density matrix
exp —— 0
with temperature —; 1— ~ is a normali ation factor.

In this section we generali e the discussion of the previous sections to the three-

dimensional Kerr-de Sitter solution, which represents a spinning point mass in dS .

The Kerr-de Sitter metric describes the gravitational field of a point particle

whose mass and spin are parametri ed by 1 —  and

d - d ~d d d 1



The lapse and shift functions are

1 4
— - 2
The lapse function vanishes for one positive value of
Lo- - 3
o2
where
4
This is the cosmological event hori on surrounding an observer at 0. It has a

Bekenstein-Hawking entropy 2, 3 of

+ _ —

2 4

In 2 1 dimensions, there is no black hole hori on for Kerr-de Sitter because
the black hole degenerates to a conical singularity at the origin. This is best seen
by writing the metric as an identification of de Sitter 4. et us define +

and 4 +, so that

a

The coordinate transformation

\/:

changes the Kerr-de Sitter metric to the vacuum form



but with a non-standard coordinate identification. In empty de Sitter space,
2 labels the same point for all integer . In the presence of a particle,

the points

are identified instead.

In this subsection we consider a scalar field in Kerr-dS . The cylinder mode
solutions found for de Sitter in Section are also solutions in Kerr-de Sitter, after
the substitutions , and are performed. For the modes to remain

single-valued, the angular momentum must be non-integer

EE— integer 10

The mode analysis carries over trivially. In particular, the uclidean modes .3
and .3 take the same form in Kerr-de Sitter.

Analogues of .4 and .4 define conserved charges associated with the

Killing vectors and —
d d
- 11
d d
where is the matter stress tensor. Here the hypersurface is defined, for
example, by the normal vector
1—
_— 12
1 —
For > 0, is not a space-like surface near the origin; this does not a ect the

definition of conserved quantities. The expressions for and  nevertheless take

1



the same form as and in de Sitter space. The uclidean state, restricted to

the southern diamond 1, is a density matrix
exp —2 13
In the coordinates, the asymptotic metric of Kerr-de Sitter space takes a

standard form near Z detailed in section .4 below . In order to compare conserved
quantities of di erent space-times, we must use the Killing vectors and to

measure energy and angular momentum. The corresponding conserved charges

are related to and by a linear transformation. Using . one finds
14
Thus we obtain a density matrix
eXxp ——— 1
at temperature and angular potential
— 1

2
For later convenience it is useful to rewrite the the density matrix .1 in

terms of the complex inverse temperature

1 2
— 1

and the complex charges

1 1

- - 1

2 2
These charges are constructed from the complex Killing vector fields

1 1

- i 1

2 2

Then the density matrix of the scalar field in the southern diamond takes the form

exp — - 20




In this subsection we define, compute and interpret the Brown- ork boundary

stress tensor in static coordinates, following 4

In the static coordinates Z 1is at . The metric takes the asymptotic
form
d 1
e - — - - — 21
d 5 d d 4d 4d
with
22
Since 2 , the boundary is a cylinder with conformal metric
d d d 23

dS has an infinite number of asymptotic symmetries, whose associated bulk
vector fields generate the conformal group on Z= 1 . With each of these sym-
metries there is an associated charge. A general procedure for constructing such
charges for spacelike slices ending on a boundary was given in , adapted to AdS
in , and adapted todSin 1 . For dS in planar coordinates, Z~ is a plane and

the charges are

L d +
2 24
_i d +
2
where is the boundary stress tensor given by , 1
1
— — 1 2
4
Here is the induced metric on the boundary, and the extrinsic curvature is
defined by - with the future-directed unit normal. The contour
integral is over the boundary of Z~ in planar coordinates at . The AD

3



mass is proportional to . The complex coordinates on the boundary

cylinder in .21 are related to those of the plane by

In the previous section charges and were constructed for weak scalar
field excitations on a fixed de Sitter background. These can be related to the weak
field limit of  and by using the conservation equation

1
— 2
2

which states that the failure of to be conserved is given by the matter flux

across the boundary. Contracting both sides of .2 with a Killing vector and

integrating over a disc spanning a contour on Z~ yields
1
— d d 2
2
where d  is the normal boundary volume element normal to the curve . Com-

paring with .11, .1 ,and .1 , we see that integrand on the right hand side
of this expression for agrees with that in the expression for . Of
course when the fields are not weak there are gravitational corrections to the bulk
expressions.

The cylinder charges corresponding to .24 are

1
— d - 2
2




and its complex conjugate. We have used the symbol rather than because

on the cylinder .2 includes a Casimir energy contribution for . We will be
interested in  , which is the charge associated to the vector field
1 30
2
For one finds
1
Y T 31

Integrating around the cylinder then gives

and similarly

- 33

For later convenience we have written these expressions in terms of the dS central
charge

3

5 34
where we have restored the factor of the de Sitter radius . However, so far our
discussions have been purely classical.

We note for pure de Sitter space 1 and 0 ——. This has a
nice interpretation in the dual field theory on the boundary, as discussed in 4
According to 1 , the bulk gravity state on the slice in planar coordinates
is dual to a CFT state on the boundary of Z— i.e., where the slice
intersects Z— at . This state is the wave functional produced by fixing
boundary conditions on the  and then doing the CFT path integral over the disc.
This should give the 2 invariant ground state of the CFT. Transforming

from planar to static coordinates in the bulk is then dual to the conformal mapping




from the plane to the cylinder. This mapping should produce, via the Schwar ian
in the stress tensor transformation law, the Casimir energy —— for a CFT with
central charge on a circle of radius 1. Indeed this agrees beautifully with the fact
that the boundary stress tensor vanishes in planar coordinates but gives ——
in static coordinates.

We note for future reference that the state so constructed on Z~ is a pure state
with no entropy.

The agreement with the CFT picture persists for general . .32 is then
precisely the Casimir energy from conformal mapping from the plane to a cone.
We note also that as decreases, the energy increases, in accord with the

expectation that a positive deficit angle has a positive mass.

In this section we discuss the conditions under which the entropy . might
be microscopically derived from a 2D CFT. elated discussions have appeared in
11,4 4

Consider the canonical partition function of a 2D CFT with complex potential

where is the density of states. We wish to evaluate this in the saddle point
approximation. et us assume that we are in a regime where the thermodynamic
approximation is valid, and we can use Cardy’s formula for the density of
states

9 - 9 - 9
exp 24 24




When is complex, .1 has a complex saddle point at _— —. valuating

the integral at the saddle point and using 1-— — In gives

If we now use the formula
3
— 4
2

for the central charge of the boundary CFT, together with the formula

derived in section .3 for the complex temperature of Kerr-dS , the microscopic
formula .3 reproduces exactly the macroscopic formula . for the Bekenstein-
Hawking entropy of Kerr-dS .

This yields a two-parameter fit relating the area of the Kerr-dS hori on to
the number of microstates of a 2D CFT. However with our current understanding,
this should be regarded as highly suggestive numerology rather than a derivation
of the entropy. One problem is that the dual CF'T is not unitary, and hence is not
obligated to obey Cardy’s formula. A second problem is that we have not specified
where the CFT density matrix resides whose entropy is being computed. In most
discussions including ours the quantum state on global de Sitter is in a pure
state. Furthermore its dual as discussed at the end of the previous section is
the 2 invariant CFT vacuum. A density matrix arises only after tracing
over a correlated but unobservable sector. We saw in section .3 that for a scalar
field in the pure uclidean vacuum state, a thermal density matrix arises after a
northern trace over the Hilbert space in the unobservable northern diamond. One

might expect that the quantum state of the boundary CFT would also become




thermal after performing a similar trace. However it is not clear to us exactly what
a northern trace corresponds to in the boundary CFT on 7 .

It appears that de Sitter entropy arises when attention is restricted to the
true observables in the theory. The boundary CFT includes information about
correlators at acausal separations that do not directly correspond to observable
data. It is a challenging and important problem to understand what are the true

observables in the language of the of the boundary CFT.
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In this Appendix we present several alternate expressions for the reen func-

tions.
First, let us consider a de Sitter invariant vacuum  , so that the wave equation
for becomes
1-— —d — 0 Al
where is related to the geodesic distance by
cos A2
Note that if solves A.l1 in d dimensions for mass-squared , then

solves A.1 ind 2 dimensions with mass-squared d. This gives an iterative



procedure for constructing reen’s functions in all dimensions. We find

+ + -+

A3
+ -+
where is a positive integer.
et us first consider odd d. For d 3, if we let
- A4
sin
then satisfies
1— 0 A.
So the general solution in 3 dimensions is
sinh — sinh
in . in A
sin
where —1and and are arbitrary constants. The first term gives

the usual short distance singularity for the uclidean vacuum with the correct
normali ation, it gives the usual expression 3. . The second term is present for
the transformed vacuum states , and has the antipodal singularities mentioned
in section 2.2. From A.3 we can obtain an expression for the reen functions in

higher dimensions,

- 2 .o
D) sin
sinh 2 - 2 — sinh 2 - 2
A.
where - d—3 and
d—1
\/ -1 A
2
We have absorbed an overall normali ation into the constants and . As a

function of , has isolated singularities but no branch cuts. However, cos™



has a branch cut from 1 to  along the real axis, across which changes
sign. When expressed as a function of ,  will likewise have a branch cut.

For even d, we start with the d 2 solution in terms of egendre functions

cos cos A.
where 1 — . So
oS oS A.10
where -d—2 and 1 1 — . Here, is an associated
egendre function, the derivative of the egendre function.

We collect a few relevant facts about hypergeometric functions. More details
may be found in, e.g.,

The formula

relates hypergeometric functions of with di erent values of parameters, as in

To relate hypergeometric functions of di erent variables we use

1- -~ — - = = 1;1—

B.2

These give us the Bogolyubov relations 4.21 and 4.3 , respectively. Since
; 50 1 these equations also fix the behavior of : 7 as

and l,asin .2, . and .20.



de Sitter Space in














































































































































































































































